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Abstract of Thesis
 
 
STRESS CONCENTRATION RESULTING FROM SMALL PARTICLES 
IN A CONTACT ZONE 
 
 
The research on tribology and wear of the metals and composites has always been the 
topic of interest to understand the behavior and life of them. The wear of the materials 
with three-body contact has been of particular interest because the wear debris generated 
due to the wear and tear between the contact surfaces in constant motion will aggravate 
the wear rate of the contact surfaces. Hence it would be interesting to understand the 
stress distribution inside the materials with three-body contact. The current research 
presents the stress distribution within the materials which are in three-body contact 
modeling them as plain-strain problems with three different models viz., point force 
model, uniform pressure model and Hertzian Pressure model. The stress distribution of 
all the three cases are numerically computed and compared and the stress intensity factor 
is calculated in each case. 
 
KEYWORDS: Tribology, three-body contact, Hertzian Pressure model, point force 
model and uniform pressure model. 
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Chapter 1 - LITERATURE REVIEW AND 
PREVIOUS WORK 
 
 
Tribology and in particular the wear between contact surfaces has been the topic of 
interest for a long time. The continuous wear and tear between  sliding surfaces will result 
in the generation of small particles varying from a few micrometers to millimeters in 
dimension. This wear particle generation was considered in [1] as a third body flow  that is  
ejected from the contact region. This implies a source flow (particle detachment from first 
bodies) and an internal flow (displacement of these particles in the contact region). The 
formation and fragmentation involved in surface tribological transformation (STT) is the 
main origin of this source flow. Therefore, modeling wear, i.e. writing the equation of flow 
equilibrium, requires understanding the STT formation. In order to explain the source flow, 
their first step was to determine the phenomena responsible for particle detachment. To 
help in this determination, a finite element simulation was undertaken to model the 
frictional contact between two perfectly smooth first bodies.  These simulations allowed the 
local contact conditions (kinematics, tribological state, contact stresses, etc.) to be obtained. 
The kinematics shows the existence of local impacts and local slidings at high frequencies 
moving through the contact surface. They concluded these local phenomena are responsible 
for much higher local normal and tangential stresses than those expected for a smooth 
surface. They concluded that repeated local impact (high normal stress) and local sliding 
(high tangential stress) on the contact interface can explain the particle detachment from 
the contact surface. Furthermore their investigation into the influence of different 
parameters has shown the relative role of friction, speed and applied load on local contact 
conditions.  
Microscale abrasive wear tests were conducted in [2].   It was found that for each 
abrasive, a transition from two-body to three-body wear could be identified with the critical 
ratio of load to slurry concentration. The wear rate varied with concentration, with a 
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maximum at intermediate slurry concentrations. The wear mechanisms and wear rates were 
investigated over a range of loads (0.1 to 5N), slurry concentrations (0.000031 to 0.24 
volume fraction abrasive) and abrasive materials (SiC, Al2O3 and diamond). 
According to the experimental simulation conducted in [3], there are two major 
types of wear that can occur in three-body abrasion.  These are plastic deformation wear 
and cutting wear. Their previous work has shown that cutting wear has a strong influence 
on the relationship between the wear loss and hardness of the materials. It was also found 
that often the curve of  wear loss relative to  material hardness appears to be S-shape 
because of the dependence on Cutting wear. In their research it is concluded that maximum 
cutting wear intensity in three-body abrasion occurs as the hardness of the tested materials 
is varied.   
A wear mechanism model for three-body contact in ductile materials was  
considered in [4]. The model assumed that material removal occurred through a 
ratcheting/fatigue mechanism at a rate given by a modified Coffin–Manson equation. The 
validity of the model was examined for the three-body wear of a mild steel and stainless 
steel under dry and wet conditions with silicon carbide particles (180 and 1000 grit) as the 
abrasive. Wear tests for both dry and wet conditions were carried out on the same tester, a 
commercial lapping and polishing machine. Under most conditions the model proved to be 
unsatisfactory, as it does not take into account wear through sliding and cutting by the 
particles. Examination of wear surfaces suggested that individual particles traversed the 
wear surface in a mixed slide (scratch)—roll manner. Under most of the test conditions 
examined, sliding/cutting was the dominant metal removal mechanism, although wear by 
indentation was generally not insignificant. Wet conditions, for tests with the larger 
(180 grit) particles further promoted a sliding and cutting mode of wear. However for tests 
with smaller (1000 grit) particles the hydrodynamic lift provided by the lubricant may in 
some circumstances facilitate rolling of the particles and an indentation wear mechanism.  
This fact is also proved by [5] when they conducted experiments on three-body 
abrasion of different kinds of wood. The three-body abrasion characteristics of various 
types of wood during abrasion with loose grains were investigated by analysis of the 
relationship between the microstructure of the contact surface and the counterface material. 
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The results showed that the three-body abrasive wear rate in the axial section of Katsura 
wood increased with applied surface pressure but that in the tangential and radial sections it 
did not always depend in the same way on the applied pressure. Analysis of various wood 
samples abraded in conjunction with wood, plastic and metal counterface materials showed 
that the wear coefficient for the three-body abrasion of the wood sample was smaller when 
the wood samples exhibited a greater yield stress. The wear coefficient based on yield 
stress tended to be larger for hardwoods than for coniferous woods. The wear coefficient 
was greatest when the yield stress of the counterface material was approximately two to 
three times larger than that of the wood sample.  
In [3] a model of friction accounting for third body particles at the contact interface 
was derived from a simple micro-mechanical model of a particle interacting with a hard 
tool surface and a soft workpiece surface. Also a wear law for three-body contact coupled 
with the friction model was proposed. According to their research, when wear of the tool 
surface is considered, the abrasive contribution of hard particles is only accounted for. 
They also proved that the rate of wear is associated with the frictional dissipation rather 
than with the product of normal pressure and slip velocity as in the classical Archard wear 
law.  
Friction of soft [7] surfaces in contact with ultrafine particles in the clearance region 
has  also been studied. It was revealed that higher surface micro hardness of the samples 
gave a lower friction coefficient. This fact is explained by the abrasive action of the 
particles and the prevalent component deformation from friction. They demonstrated in 
their research a possibility of reducing the effect of hard particles on the friction coefficient 
with surface microrelieves, which contain peak textures. 
 
From the analysis point of view, numerical computation has traditionally been 
employed to calculate the stresses in the contact bodies. In [8] a somewhat alternative 
numerical method for solving contact problems for real rough surfaces was used. The real 
area of contact and the contact pressure distribution are determined using a single loop 
iteration scheme based on the conjugate gradient method, which converges for arbitrary 
rough surfaces. The resulting surface deflections and subsurface stresses are calculated 
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using a two-dimensional multi-level multi-summation algorithm, which allows the 
summation error to be kept under the discretization error for any number of contact points.  
Some of the previous research [6] was also involved in determining the amount of volume 
loss in a three body contact involving short E-glass fibre-reinforced polyester composites 
with and without fillers. They have been studied for the low stress abrasive behavior using 
the Rubber Wheel Abrasive Test (RWAT) apparatus. Particles of different sizes were 
considered ranging between 100-200 and 200-300 micrometers. The volume loss of the 
composite during three body abrasion has been measured as a function of sliding distance 
and other experimental parameters. It was found that increasing the size of the abrasive 
particle and the applied load tends to increase abrasive volume of the composites whereas 
wear rate tends to decrease with increasing sliding velocity at constant applied load for 
particles of size ranging from 200-300 micrometers. They applied the concept of energy 
transfer to explain the mechanism of wear in the composites. Scanning electron microscopy 
was used to observe the worn surfaces and to understand the mechanism of material 
removal. It was concluded that the results were in agreement with the proposed mechanical 
model. 
Predicting wear of materials under three-body abrasion is a challenging project, 
since three-body abrasion is more complicated than two-body abrasion. In [11] a Monte 
Carlo model for simulating plastic deformation wear rate, i.e. low-cycle fatigue wear rate, 
was proposed. The Manson–Coffin formula and the Palmgren–Miner linear accumulated-
damage principle were used in the model as well as the Monte Carlo method which makes 
the model much more accurate for wear prediction. In order to compare the computer 
simulation data with wear experiments, three-body abrasion experiments using spherical 
abrasive particles were carried out which showed a good agreement with the computer 
results.  
The other important aspect of the three-body wear is the size and characteristics of 
the abrasive particle. The effects of abrasive particle characteristics, especially shape and 
hardness, on three-body abrasive wear of metallic samples was investigated in [13]. The 
experimental tests were carried out on a modified pin-on-disc tribometer using dry abrasive 
particles and on a ball-on-plate tribometer using slurry. Spike parameter quadratic fit (SPQ) 
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was used in the characterization of particles angularity. Better correlation between wear 
rates and particle angularity was found in ball-on-plate tests. However, the noted exception 
was quartz that generated less wear in all the tests than could be expected from its high 
SPQ value. Additional characteristics such as particle toughness, orientation in the contact, 
and embedment in the worn surfaces affected the wear results. Damage due to rolling 
(indentation) wear prevailed on the plate samples from ball-on-plate tests, whereas both 
sliding and rolling wear was found on the cylindrical samples from modified pin-on-disc 
tests. The morphology of worn surfaces correlated well with the shapes of abrasive 
particles. Rounded particles generated round craters and smooth grooves while angular 
particles produced sharp indents and narrow cutting grooves.  
The research on the particle size and its influence on the abrasive wear was also 
studied using “sharpness analysis” [14]. This work specifically investigated the role of 
particle shape and scale in abrasion. Existing characterization techniques were appraised 
and the concepts of shape and scale were developed into definitions that are useful for the 
solution of the particle characterization problem. The notion of sharpness is synthesised 
and then integrated into a new technique called sharpness analysis. The first of two parts of 
this paper provides a detailed description of sharpness analysis and its application to groups 
of particles. The resulting groove functions give a representation of particle shape that takes 
into consideration the penetration of the particles into a wearing surface. In the current 
research, the particle considered to be small, spherical and extends along the contact 
surfaces.  
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CHAPTER 2 
 
 
In this chapter the basic model for contact stress concentration caused by a particle between 
two smooth surfaces is reviewed and discussed.  This requires some simplifying assumptions in 
order to make the solution of the problem amenable to analytical methods.  These are now 
presented 
 
2.1 Basic Assumptions 
If the length of the particle is roughly equal to the thickness of the contact bodies, three-
body contact can be modeled as a two-dimensional plain strain problem shown below in Figure 
2.1. 
Furthermore it is also assumed: 
 
                 (a). Compared with the size of the contact bodies and the classical contact region, the  
                       size of the particle is very small. 
                 (b). The size of the particle is greater than the size of the asperities on the contact  
                        surface. That means the roughness of the surface is not considered, or the surface is  
                        smooth. 
                 (c). The particle is very slim and long, so it is reasonable to model the contact as a two  
                       dimensional plain strain problem. 
                 (d). In addition, dry contact between two isotropic elastic bodies with the same material  
                       properties is investigated under a uniform contact stress field. 
 
     Since the profile and geometry of particles in practice are very complicated, it would be 
difficult to determine the profile and contact region between the particle and contact body. 
Instead of addressing this problem directly, it may be acceptable to model the particle as a spring 
(based on the first assumption) so that the true shape of a contact region can be simplified. 
    
                                                                
6 
 
 
 
 
    In the following discussion, two simple models for the contact between the bodies and the 
particle are investigated. 
 
 
 
 
 
 
 
                                              Figure 2.1. Two dimensional model of three body contact 
 
 
2.2` Point Force Model 
It may be reasonable to model the particle as a spring with point contact if the 
particle is sharp. Using the coordinates as shown in Figure 2.1, the boundary conditions can be 
described as follows:  At the contact surface y = 0 
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                            ( ,0) 0, 0 | |xy x xτ = < < ∞                                                         (2.1) 
                     ( ,0) ( ), 0 | |yy sx P r x rσ δ= − < <                                   (2.2) 
                                                               (2.3) ( ,0) 0, | |y su x r x= < < ∞
                     2 2( ,0) 0,yy x R x yσ = = + → ∞                                        (2.4) 
Here ( )rδ  is the Dirac Delta function and 0σ  represents the magnitude of the pressure at 
infinity. A solution to the mixed boundary value problem provides the magnitude P of the 
force between the particle and the contact surfaces, the radius of the contact separation sr  and 
surface contact stress ( ,0)yy xσ  outside the contact region. In general, the above problem 
could be solved by well-known methods in elasticity and potential theory. However it would 
be more convenient to use the known results from the “Crack Problems” figuring a way to 
relate them together through superposition. 
 
The above boundary conditions can be considered as the superposition of the following three 
parts as shown in Figures 2.2-2.4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
                             Figure 2.2. Full plane with uniform pressure 0σ at infinite 
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A uniform pressure of magnitude 0σ  everywhere in Figure 2.2. Compressive forces P are 
applied to the contact surfaces in the region 0 | | sx r< < , as shown in Figure 2.3, while outside 
the region, the displacement ( ,0) 0,yu x =  and all other stresses vanish when |x| → ∞ .  
                                     
                              Figure 2.3 Point Force P acting on the center of the crack 
 
A uniformly distributed tension 0σ  is applied to the contact surfaces in the region 0 | | sx r< < , 
while outside the region, the displacement ( ,0) 0,yu x =  and all other stresses vanish when 
|x|  as shown in Figure 2.4. → ∞
 
        
                          Figure 2.4 Uniform tension acting on the surface of the crack 
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The normal stress on the contact surface can be found by adding the result from 
each case noted above.  For Figure 2.2 the result is 
 
( ,0) , 0 | |yy x xσ σ= − < < ∞                                                                                       (2.5) 
 
The normal stress ( ,0)yy xσ , |x|> sr  outside the separation region for Figure 2.3 and Figure 2.4 
can be found directly from the fracture mechanics literature [] as: 
 
For Figure 2.3 
                ( ,0)yy xσ =   2
2
Pr , | |
1
s
s
s
x r
rx
x
π
>
⎛ ⎞− ⎜ ⎟
⎝ ⎠
                                                    (2.6) 
    For Figure 2.4 
 
                ( ,0)yy xσ = 0 02
, | |
1
s
s
x r
r
x
σ
σ
−
+
⎛ ⎞− ⎜ ⎟
⎝ ⎠
>                                                       (2.7) 
 
Superposition of the three equations above gives us the required total stress  ( ,0)yy xσ  on the 
contact surface outside the separation region as 
 
 
                 ( ,0)yy xσ = 0 2
1 sr
x
σ−
⎛ ⎞− ⎜ ⎟
⎝ ⎠
 +  
2
2
Pr , | |
1
s
s
s
x r
rx
x
π
>
⎛ ⎞− ⎜ ⎟
⎝ ⎠
                       (2.8) 
 
From the above equation, it is apparent that the stress ( ,0)yy xσ  tends to infinity as 
|x| → sr
+  and blows up in a square root fashion. The co-efficient of the square root singularity 
is called as “Stress Intensity Factor” introduced in crack problems. However in this case, since 
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the contact surfaces come together in a smooth fashion at the separation point the stress should 
vanish. Equating to zero the coefficient of the singularities in the stress in equation (2.8) as 
|x| → sr
+  leads us to the following relation: 
                                                     P= 0srπ σ                                                                   (2.9) 
 
Hence substituting equation (2.9) into (2.8) yields: 
 
                      
2
0( ,0) 1 , | |syy s
rx x r
x
σ σ ⎛ ⎞= − − >⎜ ⎟
⎝ ⎠
                                                     (2.10) 
 
From the above equation it is observed that the square root singularity is removed and the 
contact stress reaches a constant stress as |x| → ∞ . 
If we define the average contact stress avσ between the particle and the contact 
surfaces as the force P divided by total separation area then 
 
                                                    avσ = 2 s
P
r
                                                                      (2.11) 
From equation (2.9) we then get the average pressure as 
 
                                                    avσ = 02
πσ                                                                      (2.12) 
 
This average stress is a lower bound for the stress concentration factor. In general the contact 
area between particle and contact surface is less than 2 sr  so that the actual stress is greater 
than avσ .  In fact the actual contact stress concentration factor caused by the presence of the 
particle should be greater than a factor of 
2
π .  It is well known that locally the stress 
concentration is the main reason for aggravation of surface friction, plastic deformation and 
wear. If a considerable number of particles are present between the contact surfaces then 
serious damage may occur. 
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The remaining task is to find out the radius of separation sr . Kinematical analysis of 
the contact deformation reveals that there exists the following relation to obtain sr . 
 
                                                  0 1 2L 3δ δ δ δ− = + +                                                    (2.13) 
 
Here  is the original height of the particle and 0L δ  is the total deformation of the particle. 
The right hand side of the above equation represents the deformations caused by different load 
conditions shown in Figures 2.2-2.4 respectively at x = 0. 
According to our assumption (a), the particle is treated as a spring so the deformation δ  
can be expressed as 
 
                                                   δ = 0
0 0
srP
k k
π σ
=                                                            (2.14) 
 
From Figure 2.2  it is obvious that 1δ =0.  Now 2δ  and 3δ  can be found using the principles of 
Elasticity. However it is easier to use the known solutions from the literature on fracture 
mechanics. Comparison of boundary conditions reveals that displacement is equivalent to the 
crack opening displacement (COD) of the corresponding crack problems.  The displacement 
2δ results from the point force P and thus has a singularity at the point x = 0. In order to avoid 
this singularity a new parameter ( ) is introduced. It represents half of the nominal contact 
surface between the particle and contact bodies. 
pr
The point force is treated as a uniformly distributed pressure over a width of 2 . 
From [] the displacement can be found as 
pr
 
                        
2)
1 1
2
4Pr (1 sin coshp ps s
p s s
r r r
Er r r r
υ
δ
π
− −
⎡ ⎤⎛ ⎞⎛ ⎞−
⎢ ⎥= + ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦p
                                 (2.15) 
Similarly we can find 3δ  as 
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2
0
3
4 (1sr
E
)σ υ
δ
−
= −                                                                                   (2.16) 
The negative sign accounts for crack face overlap. 
Substituting all the above equations into (2.13) leads to: 
 
                     
2)
1 10 0
0
0
4 r (1 sin cosh 1p ps s s
s s p
r rr rL
k E r r r
π σ σ υ − −⎡ ⎤⎛ ⎞⎛ ⎞− ⎢ ⎥− = + +⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
                 (2.17) 
The above equation can be simplified by using three non-dimensionalized parameters. A new 
parameter Rm is introduced as 
 
                                 Rm= s
p
r
r
⎛ ⎞
⎜⎜
⎝ ⎠
⎟⎟                                                                                        (2.18) 
Where Rm is Radius Magnification Factor and represents how the particle width is magnified 
to obtain the separation length. A non-dimensional stiffness factor fS  is also introduced 
which is defined as 
 
                               fS = 
2
0(1 )k
E
υ
π
−
                                                                                (2.19)  
The stiffness factor is a measure of how stiff the particle is compared to the contact bodies as 
evidenced by the ratio (k0/E). A non-dimensional Loading Geometry Factor LGf is also 
defined by relation 
 
                                          02
0
(1 )
f
p
L ELG
rυ σ
=
−
                                                                 (2.20) 
 
The loading geometry factor is a measure of the geometry of a particle (L0/  maybe an 
aspect ratio) as well as the ratio of the applied loading to the elastic Young’s modulus of the 
contact bodies (E/
pr
0σ ). 
Substituting all these into the equation (2.17), the following result is obtained 
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                           1 11 1[ 4( sin cosh 1f m m m
f m
LG R R R
S R
− −= + + − )]                                (2.21) 
 
Note that this equation implies mR ≥ 1. The above equation does not appear to have a simple 
closed form solution for mR . However  the value of mR  can be easily computed numerically 
once the parameters fS  and L fG  are calculated from a given set of conditions. 
Substituting from equation (2.18) into equation (2.9),  the external force P acting on the 
contact surfaces can be written as 
 
                                             P = 0 m pR rπσ                                                                        (2.22) 
If we redefine the average contact stress avσ as the force P acting over the nominal contact 
length 2 instead of full separation length 2pr sr , then the average stress can be re-evaluated as 
 
                                  02 2av mp
P R
r
πσ σ= =                                                                       (2.23) 
 
We can furthermore define a stress magnification factor as mS
                     avσ = mS 0σ  ,  =mS 2 m
Rπ                                                                            (2.24) 
 
mS might be a more accurate measure of the stress magnification caused by the existence of 
the particle inside the contact areas. It can be seen from the above equation that the stress 
magnification factor is also a function of the radius magnification factor. This reveals that a 
larger radius magnification factor leads to a larger stress magnification factor, implying a 
larger average contact stress. 
 Although a simple expression for mR  from the equation (2.21) is not evident, a 
careful investigation of the right hand side reveals some interesting results. The right hand side 
is an increasing function of mR  which implies that with an increase of fLG , mR also 
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increases. Based on this observation, we can say mR is an increasing function of particle height 
and a decreasing function of contact pressure. Thus, if all other factors remain the same, a 
bigger particle will separate surfaces further while a larger contact pressure will push the 
surfaces closer together. 
 From the definition of fLG  and fS , one can see 0 p
L
r is the only parameter related 
to the geometry of the particle. If the material properties of both particle and contact bodies 
are known, one can obtain the relationship between geometry of the particle and contact stress 
concentration. Setting fS  and 2
0(1 )
E
υ σ−
 constant, and then substituting into equation (2.21), 
one can solve for the value of mR for a sequence of 0 p
L
r . Typical results are shown in 
Fig.2.5.                   
                                                2
0(1 )
E
υ σ−
 = 20 
 
 
 
               
                               Figure 2.5 Plot of the relation between mR  and 0 p
L
r   
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It is apparent that the geometry factor 0
p
L
r is almost linearly proportional to mR . Hence 
contact stress between the particle and the contact bodies increases with the geometric factor  
0
p
L
r . 
 
 From the equation (2.22), it is also apparent that the force between the particle and 
the contact surfaces increases with particle height and nominal contact length. These results 
are consistent with the size effect of a particle. Since presently only elasticity is considered, it 
may help in predicting a lower bound on the critical size of a particle which may cause surface 
damage. If the size of a particle is greater than this value, then surface damage and wear may 
occur. On the other hand, if the size of the particle is less than this value, surface damage may 
be avoided. 
 At first glance, it is hard to see how the stiffness of the particle is related to 0k mR . 
But if one plots mR as a function of fS  while keeping fLG  constant, it may reveal some 
interesting behavior. 
 
                       
                     Figure 2.6 Plot of the relation between mR  and fS  for different fLG   
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As can be seen from the above Figure 2.6, for different fLG  values, the curves all exhibit the 
same tendency. That is when fS  is quite small (less than 2), mR increases with the increasing 
of fS . If fS  is larger than a critic value (about 3 to 5), then mR changes little with 
increasing fS . This tendency can be explained since if the value of fS  is greater than a 
critical value, then the particle will act as rigid relative to the contact bodies. Hence mR will 
depend on fLG  only. Also with an increase in fLG , mR increases when fS  is held constant. 
Since the stress magnification factor is a linear function of mR , one can claim that an increase 
in hardness of the particle will produce a larger contact stress between the particle and the 
contact surfaces. However if the hardness of particle is above a critical value, then the contact 
stress will only depend on the geometry of particle and applied load since it acts as rigid. 
 
 Keeping fS  and the ratio 02(1 ) p
L E
rυ−
 in fLG  constant but varying the value of the 
applied pressure 0σ , one can plot avσ versus 0σ using equation (2.23) as follows: 
 
                                 
                               Figure 2.7 Plot of the relation between applied pressure 
 
From the above Figure 2.7, it is apparent that the average contact stress avσ is proportional to 
applied load. That is consistent with the experimental observation mentioned before. Based on 
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the equation (2.21), once the parameters fS  and fLG  are specified or evaluated, one can 
compute the value of mR . From equations (2.22),(2.24) the force between the particle and 
contact surfaces and the average contact stress inside the separation region can also be 
evaluated. This may allow a safe size of a particle to be predicted. 
 
 
2.3 Uniform Pressure Distribution Model 
 
The previous point force model may be suitable for particles of sharp geometry and 
high hardness. For blunt particles where the width of the particle is not small compared to the 
height, it might be more reasonable to model the force acting on the contact surface as a 
uniformly distributed pressure. 
 
For this model Figure 2.3 above can be modified as follows 
                               
                           Figure 2.8 Uniform Pressure pσ over a length on crack surface  
 
In the previous case it was shown that the individual stress contributions can be of a singular 
nature at the ends of the separation regions.  Hence the contact separation problem is really 
identical to crack problems and the relevant results from fracture mechanics theory can be 
used.  Utilizing the concept of stress intensity factor IK in fracture mechanics,  one can obtain 
for the above loading: 
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                                            12 sin pI p s
s
r
K r
r
σ π
π
−=                                                    (2.25) 
 
Here pσ is the pressure acting on the contact surface between the particle and the contact 
bodies given as 
                                            pσ = 2 p
P
r
                                                                              (2.26) 
where P is the total force and is half of the nominal length of the contact. pr
 
As before for the state in Figure 2.2 
                                          IK =0                                                                                        (2.27) 
 
While for Figure 2.4 
                                          IK = 0 srσ π−                                                                           (2.28) 
 
Superposition of the equation (2.25), (2.27), (2.28) gives us the equation for 
IK total presently as 
                                         1 0
2( sin
total
p
I s p
s
r
K r
r
)π σ
π
−= σ−                                               (2.29) 
 
Since the contact surfaces are smoothly joined at the edge of the separation region, there 
should not be a singularity for sx r
+→ . This requires the stress intensity factor must be 
equal to zero. Hence: 
totalIK
 
                                           pσ = 0
12sin p
s
r
r
πσ
−
                                                                          (2.30) 
Substituting equation (2.27) into equation (2.23) leads to 
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                                         P = 0
1sin
p
p
s
r
r
r
πσ
−
                                                                                (2.31) 
The stress magnification factor can be likewise found as: mS
                    
                                          0p mSσ σ= , 
1 12sin
m
m
S
R
π
−
=                                                    (2.32) 
 
Recall that sr = mR pr , where mR is the Radius Magnification Factor as defined 
earlier. Now the stress magnification factor is no longer a linear function of mS mR . However 
when mR is large enough, 
1 1sin
mR
− → 1
mR
, and then tends to a linear function of mS mR . 
If mR is large, then the uniform pressure distribution model will exhibit the same stress 
concentration behavior as the point force model. 
We can use the same procedure as the point force model to derive the equation for 
surface separation length sr . For Figure 2.4, the crack opening displacement is the same as the 
point force model given again as 
 
                                               
2
3
4(1 )
0 srE
υδ σ−= −                                                               (2.33) 
 
For Figure 2.8, from [] the crack opening displacement is 
   
                                              
2 2
1
2
8 (1 )
[sin cosh ]p s p p 1 s
s s p
r r r r
E r r
σ υ
δ
π
−−= +
r
−                         (2.34) 
Superposition and then substituting into equation (2.13) gives 
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20 1
0
1 1
0
4(1 ) cosh
sin sin
p
0
s
p
p p p
s s
r rL r r r
k E
r r
πσ υ σ −
− −
−
− = r                         (2.35) 
Simplifying leads to 
 
                                          
2
0 1
0 21 0
(1 )
[4cosh ]
(1 )sin
p s
p p
s
r r EL r r kE
r
υ σ π
υ
−
−
−
=
−
+                               (2.36) 
 
Introducing the definitions as before: 
 
                                        
2
0(1 )
f
kS
E
υ
π
−
=        fS : Stiffness Factor 
 
                                     02
0(1 )
f
p
L ELG
rυ σ
=
−
        fLG : Loading Geometry Factor 
 
Provides: 
 
                                         1 1 1sin [ 4cosh ]f
m f
LG R
R S
− = + 1 m
−                                            (2.37) 
This equation also implies mR ≥ 1. From this equation, if we know the geometry and material 
properties of the particle, we can calculate mR and consequently the surface separation radius 
sr numerically. As with the point force model, the relation between mR and 0 p
L
r can be shown 
in the following Figure 2.9: 
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                                           Figure 2.9 Plot of the relation between mR  and 0 p
L
r  
 
 
From the above plot, we can see that with a uniform pressure model, the geometric factor 
0
p
L
r is almost linearly proportional to mR . This shows the same tendency as the point force 
model. 
 
Similar to the point force model, mR versus while mS fLG  is kept constant can be plotted as 
follows 
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                                     Figure 2.10 Plot of the relation between mR and  mS
  
It can be seen from the above figure that for the uniform distribution model, the stiffness of the 
particle shows exact the same effect on mR . 
Also contact stress pσ versus applied load 0σ can be plotted as 
                               
                              Figure 2.11 Plot of the relation between applied pressure 
 
From the above figure one can see that under uniform pressure the contact stress is also 
proportional to applied load. There is almost no difference between the two models. 
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If we rewrite equation (2.32) by substituting s m pr R r= , we have: 
                                                      0
1 12sin
p
mR
πσ
σ
−
=                                                        (2.35) 
Then as discussed before, if mR is quite large, 
1 1sin
mR
− → 1
mR
 and the above equation can be 
written as 0
2p m
Rπσσ =  which is identical to the point force model. That is to say, the 
magnitude of contact stress between the point force model and uniform pressure model differs 
only when mR is quite small. When mR is quite large, they are almost identical for the same 
mR value. 
 
2.4 Hertz Pressure Model 
 
For the final case the pressure distribution between the particle and the contacting 
surfaces is modeled as a Hertz pressure distribution given as 
                                     
2
2( ) 1 ( )p
p
rr
r
σ σ= − ≤ pr r                                                (2.36) 
For the sake of brevity the pertinent results are highlighted below in a brief manner. 
The total force between the contact surface and the particle is 
 
                                       P=
2
21 2
p
p
r
p
pr
r dr r
r
πσ
−
− =∫ p pσ                                         (2.37) 
The stress intensity factor in this case can be evaluated as 
                        
2
2
1
2
0 2
2 1
2 1(sin ( ), )
1
p
pr
p p s
I m
ms
s
s
r
r r
K dr E
Rrrr
r
σ
σ
ππ
−
−
= =
−
∫ R
              (2.38) 
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where 1 1(sin ( ), )m
m
E R
R
−  is the incomplete elliptic integral of second kind. 
 
Now the total stress intensity factor resulting from all loadings is 
                        1 0
2 1(sin ( ), )
total
p s
I m
ms
r
K E R
Rr
σ
srσ ππ
−= −                                      (2.39) 
Vanishing of the total K leads to the results 
                                  01 12 (sin ( ), )
p
m
m
E R
R
πσ σ
−
=                                                     (2.40) 
                                  P = 
2
01 14 (sin ( ), )
p
m
m
r
E R
R
π σ
−
                                                   (2.41) 
 
As before the same kinematic relation in equation (2.13) is used.  The geometric 
parameters needed are 
                              
2
0
0 10 0
14 (sin ( ),
p
m
m
rP
k k E R
R
π σ
δ
−
= =
)
                                                  (2.42)                          
                             
2
2 1
2 2
0
8 (1 )
1 cosh (
pr
p s
p
rr dr
E rr
σ υ
δ
π
−−= −∫ )  
                              
2 1
2 1
0
2
0 2 1
1
2
0
3
8 (1 )
1 cosh ( )
4 (1 )
1 cosh ( )1(sin ( ), )
4 (1 )
p p m
p m
m
m
s
r Rt dt
E t
r Rt
tE R E
R
r
E
σ υ
π
σ υ
σ υ
δ
−
−
−
−
= −
−
= −
−
= −
∫
∫ dt                                (2.43) 
Substituting into equation (2.13) leads to 
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2 2 1
0 2 1
0 1 1 00
4(1 )
1 cosh ( )1 14 (sin ( ), ) (sin ( ), )
p p m
p
m m
m m
r RL r t dt −
tk E R E R E
R R
π σ υ σ −
− −
−
− = −∫
2
04 (1sr
E
)σ υ−
 
                                                                                                                                         (2.44)  
 
Again defining the non-dimensionalized factors as  
                              fLG = 02
0(1 ) p
L E
rυ σ−
 and 
2
0(1 )
f
kS
E
υ
π
−
=                                         (2.45) 
leads to 
 
1
2 1
0
1
[ 4 1 cosh ( ) ]
4
4 1(sin ( ), )
m
f
f m
m
m
Rt dt
S t
LG R
E R
R
π −
−
+ −
+ =
∫
                                 (2.46) 
 
Although it is not pursued further here, the above results can be plotted as was done 
above for the  point force and uniform pressure models.  The difference should not be too large 
between this model and the uniform pressure model in most cases.  This can be investigated in 
future analysis. 
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Chapter 3 
 
Internal Elastic Fields 
  One of the main points of interest for this investigation is the determination of the 
internal elastic fields (particularly stress) in the contacting bodies.  In the absence of the 
particle the stress distribution would be a simple uniform compression.  Hence we are 
interested in the disturbance in the stress field caused by the particle.  As a reminder the 
problem and geometry are again shown in  Figure 3.1 below.  Two smooth surfaces are 
pressed together under frictionless conditions.  A particle is between the surfaces and thus 
causes a separation region.  The parameter rp is the half length of contact between the 
particle and the surfaces. 
 
                                                           Figure 3.1 
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3.1 Point Force Model: 
 
 As in the previous chapter the starting point is the point force model.  In this case 
the particle is modeled as a point force for simplicity. The total  stress in the contact bodies 
is calculated as the resultant  of three stresses distributions. 
 
1. Uniform Pressure 0σ everywhere 
2. Point force at the origin 
3. Uniform Tension on the separation surface  
 
The magnitudes of the Uniform Pressure and point force on the separation surface are 
calculated in Chapter 2 and will not be repeated here. 
The internal two dimensional stress field in the contacting bodies can be calculated 
using the Westergaard Stress Function [].  Here Z(z) is the complex valued stress function 
where z = x + iy and Z’ is its derivative.  The real valued stress are given in terms of Z and 
its derivative as 
 
                                                     1Re( ) Im( )x Z y Zσ = −                                                   (3.1) 
                                                      1Re( ) Im( )y Z y Zσ = +                                                  (3.2) 
                                                       1Re( )xy y Zτ = −                                                            (3.3) 
 
For a pressure distribution of w(ξ) on the crack faces from –b < x < b the 
Westergaard function is known to have the form 
                                           
2 2
2 2
( )( )
( )
b
I
b
w d aZ z
z z a
ξ ξ ξ
π ξ−
−
=
− −
∫                                                    (3.4) 
For a uniform pressure w(ξ) = σ the integral can be evaluated as 
 
                                       ( )IZ z =  
2 2
1 1
2 2 2 2
22 sb z a z bTan
az a b z a
σ
π
− −
⎡ ⎤⎡ ⎤−⎢ ⎥⎢ ⎥− +
⎢ ⎥⎢ ⎥− −⎣ ⎦⎣ ⎦
in ( )          (3.5) 
Differentiating leads to  
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                                   1( )IZ z =  
2 2 2
1
2 2 2 22 2
2 sin ( )
( ) ( )
b a b b a
az b z az a
σ
π
−
⎡ ⎤⎡ ⎤− −⎢ ⎥+ ⎢ ⎥
⎢ ⎥− −⎢ ⎥− ⎣ ⎦⎣ ⎦
         (3.6) 
It is also possible to integrate equation (3.5) analytically to provide the function 
        ( )IZ z  =
2 2 2 2
1 1 2 2
2 2 2 2
2 sin ( )b z a z a bzTan bTan z a
az a b a b
σ
π
− −
⎡ ⎤⎡ ⎤ ⎡ ⎤− −⎢ ⎥⎢ ⎥ ⎢ ⎥− + + −
⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦⎣ ⎦
1−      (3.7) 
which is needed to evaluate the elastic displacements.   
For a concentrated  force applied to the center of the crack, the Westergaard 
function is known to be 
 
                                           
2 2I
PaZ
z z aπ
=
−
                                                                      (3.8) 
where from the previous analysis P = 0aπ σ .  The integral and derivative can be shown to have 
the form 
                                          10 sin ( )
aZ a
z
σ −= −                                                                     (3.9) 
                                         
2
1 0
2 2 22 2
1 1aZ
z z az a
σ ⎡ ⎤= − +⎢ ⎥−⎣ ⎦−
                                                (3.10) 
 
By combining the above stress functions and substituting into Westergaard’s 
Equations, the stresses are calculated for the Point Force Model. Computation of the stresses 
were done using Fortran 77. The resulting plots are as shown. 
 
Results  for σyy  
 
Figure 3.2 below reveals the stress yσ  in the region y < 0 and on the surface near the contact 
region.  From this figure one can see that from -b<x<-a and from b<x<a (where b<a) the 
vertical stress is zero as there is no contact stress in the separation region. Between –b<x<b in 
the contact zone the pressure increases towards the origin and actually tends to infinity near 
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the origin. The stress yσ  then decreases symmetrically away from the origin as the distance is 
increased. Note that the pressure comes to zero abruptly as we approach the end of the particle 
contact  (x=-b,x=b). It is important to note that outside the separation region, the stress yσ  
approaches gradually to the remote loading 0σ  as the distance is increased.   
 
        
-8 -8
-7 -7
-6 -6
-5 -5
4
-4
4
-3
-3
-3
-2
-2
-2-2
-2
-2
-1
-1
-1-1
-1
-1
-1
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0
-1.5 -1 -0.5 0 0.5 1 1.5
Y
 A
xi
s
X Axis  
                                           Figure 3.2    Plot of σyy for y < 0 
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Results  for σxx
 
Figure 3.3 displays the internal distribution for the stress component σxx  on the surface as 
well as in the reqion y < 0.  It is seen from this figure that the stress distribution is symmetric 
and again tends to infinity as the origin is approached.  Below the surface the stress diminishes 
much more rapidly than in the previous case.  This results from the direction of the applied 
loading which is vertical while the plotted stress is horizontal in direction. 
 
Below the contact zone, the xσ is compressive in nature and decreases away from the contact 
surface and approaches zero. The curves are smooth and symmetric with respect to the y-axis. 
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                                                    Figure 3.3   Plot of σxx  for y < 0 
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Results  for τxy
 
From the Figure 3.4 it is seen that the shear stress xyτ has an antisymmetric distribution with 
positive values on the right side and negative on the left.  It is also apparent that the stress 
tends to infinity as the concentrated load is approached.  The value along the negative y axis is 
zero and required by anti-symmetry considerations.  Again this stress component diminishes 
to zero as the distance from the particle is increased. 
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                                                      Figure 3.4   Plot of τxy  for y < 0 
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3.2 Uniform Pressure Model: 
 
Now the internal stress field will be examined  for the Uniform Pressure Model 
discussed in the previous chapter.   The internal stress is calculated as the resultant of the 
superposition of the three stress states:  
 
1. Uniform Pressure 0σ everywhere 
2. Uniform Pressure on the contact surface from (-b,b) 
3. Uniform Tension on the contact surface from (-a,a) 
 
 
The magnitude of the Uniform Pressure on the crack surface in the region –b < x < b is 
calculated using the result presented earlier as 
 
                       
                                         pσ =  0
12sin p
s
r
r
πσ
−
                                                                   (3.11) 
The stresses are calculated using the Westergaard’s Equations given above in equations (3.1-
3.4).  Also the stress functions presented in equations (3.5-3.7) are all that is need for this case 
as well.  The internal stress distributions are revealed in the three plots below. 
 
Results  for σyy  
 
From Figure 3.5 it is seen that the form is similar in nature to Figure 3.2 for the point force 
model.  However there is one important difference.  Now the stress does not tend to infinity as 
the origin is approached but is bounded instead.  Also it is seen that the total vertical pressure 
yσ  on the surface from -b<x<-a and from b<x<a where b<a is zero as there is no surface 
loading in this region.  In the region –b<x<b on the surface (the contact zone) , the pressure 
increases towards the origin and  reaches a maximum value of  7.8 0σ  where 0σ  is the 
pressure at infinity. Then yσ  decreases symmetrically away from the origin. The pressure 
comes to zero abruptly as we approach the end of the particle contact x=-b and x=b. Outside 
the separation region, the total pressure yσ  approaches gradually to the pressure at infinity 
(i.e. 0σ ). 
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                                           Figure 3.5    Plot of σyy for y < 0 
 
 
Results  for σxx
From the Figure 3.6 it is interesting to note that the horizontal stress σxx at the surface from –
b<x<-a and from b<x<a (where b<a) is zero in the separation region. This is an interesting 
property of two dimensional elasticity.  In the contact zone –b<x<b, the horizontal stress is 
compressive and behaves similar to σyy and is constant over the loaded region. The behavior of 
σxx  is to decreases away from the separation region and approaches zero for increasing values 
of x.  Below the separation region, this stress component decreases and approaches zero. The 
curves are symmetric with respect to the y-axis. 
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                                                    Figure 3.6   Plot of σxx  for y < 0 
 
 
Results  for τxy
From  Figure 3.7 it is interesting to note that the shear stress is zero at the surface as 
required by the boundary conditions.  Again it has an anti-symmetric distribution as required 
by the loading and geometry of the problem.  However now there is a region below the surface 
where a maximum stress occurs.  This situation was not observed in the previous numerical 
results.   The shear stress approaches zero as one moves away from the separation region in 
any direction. 
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                                                      Figure 3.7   Plot of τxy  for y < 0 
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3.3 Hertzian Model: 
 
 
For the Hertzian Model, the stress is calculated as the resultant of superposition of 
three stresses viz.  
 
 
1.  Uniform Pressure 0σ everywhere 
   2.  Hertzian pressure on the contact surface from –b<x<b 
3.  Uniform Tension on the contact surface from –a<x<a 
 
 
 
The magnitudes of the Uniform Pressure and Hertzian Pressure on the crack surface are 
calculated using the results from Chapter 2.  The required value of the maximum pressure 
between the particle and the contacting bodies is 
 
                       
 
                                         0 2 2
(1 log )
p a b a b
ab a b
πσσ =
− −+
+
                                       (3.12) 
 
                                           
 
 The above equations (3.1-3.7) may again be used along with the additional Westergaard 
function for the Hertzian pressure distribution 
                                           
2 2 2 2
2 2
( )
( )
b
I
b
b a d aZ z
z z a
ξ ξ
π ξ−
− −
=
− −
∫                                               (3.13) 
The derivative and integral of the above function which are also needed may be found as 
                  
1( )IZ z =
2 2 2 2
32 2 2 ( )( )
b
b
b d az
zz a
ξ ξ ξσ
ξπ −
− −−
−
−
∫
2 2 2 2
22 2 ( )
b
b
b d a
zz a
ξ ξσ
ξπ −
−
−
−−
∫
ξ−   (3.14) 
 
                       ( )IZ z  =
2 2 2
1sin sin ( )
( )
b
b
b d a z
a z a
σ ξ ξ 1ξ ξ
π ξ
−
−
−⎡ ⎤⎡ ⎤− −− −⎢ ⎥⎢ ⎥
−⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦
∫                           (3.15) 
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These integrals are  numerically integrated to provide the results below.   The evaluation of 
these in analytical form will be left for future research.  By combining the required 
Westergaard’s functions, the stresses are calculated for the Hertzian Pressure Model. The 
results are shown in the following figures. 
 
Results  for σyy  
 
From Figure 3.8 it is seen that the total vertical pressure σyy on the surface from  
–b<x<-a and from b<x<a is zero as there is no surface loading present. For –b<x<b  (the 
contact region between the particle and the surfaces loaded by Hertz pressure), the pressure 
increases steadily with a maximum at the origin. The pressure tends to zero in a square root 
fashion as we approach the end of the particle contact  region (x=-b,x=b).  Outside the 
separation region, the stress σyy approaches gradually to the pressure at infinity (i.e. 0σ ).  ). 
The stress σyy  decreases symmetrically away from the origin as one moves deeper into the 
body. 
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                                           Figure 3.8    Plot of σyy for y < 0 
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Results  for σxx
From the Figure 3.9 it is seen that the resultant horizontal stress σxx has a behavior 
similar to Figure 3.6 for the uniform pressure model.   The values are of course different 
with a larger discrepancy as the Hertzian pressure region is approached.  This stress 
component decays to zero quite rapidly as one moves away from the separation region.   
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                                                         Figure 3.9   Plot of σxx  for y < 0 
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Results  for τxy
 
The final figure 3.10 reveals the subsurface shear stress distribution resulting from the 
particle with a Hertz pressure distribution.  This distribution has the required anti-symmetry 
and also has the interesting feature of subsurface maximum values.  It is important to note that 
the results show that the shear stress tends to increase near the edge of the separation region 
which is not a correct behavior.  Some additional refinement in the stress calculation will be 
required in order to remove this unwanted behavior. 
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                                                      Figure 3.10   Plot of τxy  for y < 0 
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Chapter 4 
 
Conclusions 
 
The so called third body problem of particles between contact surfaces has received 
little attention in the literature from an analysis standpoint.   Hence the present goal was to 
first address this issue by developing a simple model for the stress concentration occurring 
when a small particle is pressed between smooth surfaces. Such a model was presented  in 
Chapter 2.  The particle was modeled in three different ways: a point force, a uniform pressure 
distribution and a Hertz pressure distribution.  In all three cases it was shown that the pertinent 
results could be expressed in terms of two non-dimensionalized factors.  The load-geometry 
factor  contains information about the applied loading and the geometry of the particle.  The 
stiffness factor incorporates the particle stiffness as well as the Young’s modulus of the elastic 
bodies.  These two parameters can play an important role in the characterizion of third body 
contact when looking from a practicle standpoint.   
  The second aspect to more fully understand three body contact was to develop the 
ability to evaluate the internal stress fields inside the contacting bodies.  Here use was made of 
results from fracture mechanics and the Westergaard stress function.  For the cases of the point 
force model and the uniform pressure model, the elastic fields were evaluated in closed form.  
For the Hertzian distribution model a numerical integration scheme was utilized.  The results 
shown in the figures of Chapter 3 reveal for the first time the internal stress disturbance caused 
by a particle in a smooth contact region.  It was shown in most cases the behavior was 
monotonic.  However it was also shown that there exists subsurface regions of maximum 
shear stress as well.  These results, while interesting and informative on their own accord, can 
also be used as a starting point for a more detailed stress analysis of third body contact.   In 
particular the particles are known to cause surface dents in the contacting bodies.  This results 
from plastic deformation caused by hard particles and the present results can be used to initiate 
a more detailed analysis of plastic deformation.  Such an analysis would eventually lead to the 
prediction of wear particle formation.   
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Here the derivations used to derive the results displayed in this thesis are presented.  
This consists primarily of the evaluations of the integrals needed to calculate the stress 
fields shown and discussed in Chapter 3.  The most important 
 
 
 
 
               Uniform Pressure applied on the Crack Surface from (-a<x<a) 
 
                                 ( )IZ z  = 
2 2
2 2
( )
( )
a
a
w d a
z z a
ξ ξ ξ
π ξ−
−
− −
∫                                                               (A1) 
 
For Uniform Pressure ( )w ξ = σ  is constant. Equation (1.1) becomes 
                                   ( )IZ z   = 
2 2
2 2( )
a
a
d a
z z a
σ ξ ξ
π ξ−
−
− −
∫  
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                                                = 
2 2
2 2 ( )
a
a
d a
zz a
ξ ξσ
ξπ −
−
−−
∫                                                 (A2) 
 
Consider the integral 
 
                                      I = 
2 2
( )
a
a
d a
z
ξ ξ
ξ
−
−
−∫                                                                           (A3) 
The integrand has simple poles at ξ = -a and ξ = a. 
1 2For - <  , - <  , there is a branch cut in between  = -a and  = a.π θ π π θ π ξ ξ≤ ≤  
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Integral “I” can be evaluated using the contour as shown above. According to the Cauchy 
Residue Theorem, we have 
 
                    
2 2
( )
a
a
d a
z
ξ ξ
ξ
−
−
−∫  +
1
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫  + 
2 2
( )
a
a
d a
z
ξ ξ
ξ
− −
−∫  +
2
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫  
  
                                                     + 
2 2
( )
Rc
d a
z
ξ ξ
ξ
−
−∫  = 2 iπ Res(ξ =z)                                   (A4) 
 
                                                              RHS = - 2 iπ 2 2a z−                                              (A5) 
 
Consider term-wise integrals in the above equation: 
 
                                    
2 2
( )
a
a
d a
z
ξ ξ
ξ
−
−
−∫  =  
( )(
( )
a
a
d a
i z
ξ ξ ξ
ξ
− )a− +
−∫                                         (A6) 
         Let  ( )aξ − = 11
ir e θ  and ( )aξ +  =  22
ir e θ  ξ  =  ire θ . Substituting in equation RHS of 
(A6) we get the following: 
 
                                  
2 2
( )
a
a
d a
z
ξ ξ
ξ
−
−
−∫   =  i
1 2( )1 2( )( )
( )
a i i
a
r r e re id
z
θ θ θ θ
ξ
+
−
−∫                               (A7) 
 
                                                               = 
1 2 ( )
( )
i
a
a
i r r re id
i z
θ θ
ξ
−
−∫                                              (A8) 
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                                                             = 
1 2 ( )
( )
i
a
a
r r re id
z
θ θ
ξ
−
− −∫                                             (A9) 
 
Consider the second term in the integrand: 
 
                                    
( )(
( )
a
a
d a a
z
ξ ξ ξ
ξ
− − +
−∫
)
 =  
( )(
( )
a
a
d a
i z
ξ ξ ξ
ξ
−
)a− +
− −∫  
Following the same lines as above using the same substitutions we get, 
 
                                                                         =  
1 2 ( )
( )
i
a
a
r r re id
z
θ θ
ξ
−
− −∫                                 (A10) 
Equation (A4) reduces to  
 
2 2
2
( )
a
a
a di
z
ξ ξ
ξ
−
−
−∫  + 
1
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫  + 
2
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫  +
2 2
( )
Rc
d a
z
ξ ξ
ξ
−
−∫  =  
22 i a zπ− − 2      
                                                                                                                                              (A11) 
 
 
Consider the next term in the above equation and using the familiar substitutions: 
 
                                 
1
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫  =  
1 2
1
( )
1 2 ( )
( )
i i
c
r r e re id
i
z
ρ
θ θ θ θ
ξ
+
−∫  
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If we shrink  and   to zero, the integrand vanishes, i.e. 1r 2r
 
                                
1
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫     ≈   0. 
 
This is also proved from Cauchy’s Residual Theorem, since there are no poles inside the 
Contour for the integrand, it vanishes. 
 
Similarly 
                                
2
2 2
( )
c
d a
z
ρ
ξ ξ
ξ
−
−∫   ≈  0. 
 
Now consider the final term in the integrand, 
 
                                
2 2
( )
R
d a
z
ξ ξ
ξ
−
−∫   =  
2 2
( )
R
d ai
z
ξ ξ
ξ
−
−
−∫  
                         2 aξ − 2  =  
1
221 ( )aξ
ξ
⎡ ⎤
−⎢ ⎥
⎣ ⎦
                                                                   
                                          =  
2 4
2 4
1 31 ......
2 4
a aξ
ξ ξ
⎡ ⎤
− +⎢
⎢ ⎥⎣ ⎦
m ⎥                                                  (A12) 
                         
2
1
2
1( ) 1 .....z zzξ
ξ ξ ξ
− ⎡ ⎤− = + + +⎢
⎢ ⎥⎣ ⎦
⎥                                                              (A13) 
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Therefore the integrand can be put in the following form: 
 
                         
2 2
( )
a
z
ξ
ξ
−
−
 = 
2 4
2 4
1 31 ......
2 4
a aξ
ξ ξ
⎡ ⎤
− +⎢ ⎥
⎢ ⎥⎣ ⎦
m
2
2
1 1 .....z z
ξ ξ ξ
⎡ ⎤
+ + +⎢ ⎥
⎢ ⎥⎣ ⎦
 
                                            =  
2 2
2
21 z z a higher
ξ ξ
⎡ ⎤−
+ + +⎢
⎢ ⎥⎣ ⎦
⎥                                                (A14) 
 
Integrand then becomes 
 
                       
2 2
( )
R
d a
z
ξ ξ
ξ
−
−∫  = 2 iπ z                                                                                 (A15) 
 
                      
2 2
( )
R
d a
z
ξ ξ
ξ
−
−∫  = 2π z                                                                                   (A16) 
 
Therefore the original integral in equation (A4) reduces to  
 
              
2 2
2
( )
a
a
a d
z
ξ ξ
ξ
−
−
−∫   _  2π z  =  
2 22 i a zπ− −                                                  
                                  
            ⇒      
2 2
( )
a
a
a d
z
ξ ξ
ξ
−
−
−∫  = 
2 2z z aπ ⎡ − −⎢⎣ ⎦
⎤
⎥                                                               (A17) 
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Now the original integral in equation (A2) has become 
 
                   ( )IZ z =   2 2z a
σ
π −
2 2z z aπ ⎡ ⎤− −⎢ ⎥⎣ ⎦
 
                             =    
2 2
z
z a
σ σ−
−
                                                                                    (A18) 
 
The above equation (A18) is the solution for Uniform pressure on the crack surface using the 
Green’s Function. 
 
 
Stress Calculations: 
 
                                                  
2
1
32 2 2
( )
( )
I
aZ z
z a
σ
= −
−
                                                       (A19) 
 
Where 1( )IZ z  is the derivative of ( )IZ z . Using the substitutions z = 
ire θ , (z-a ) = 11
ir e θ  and  
(z+a) = 22
ir e θ , equation above becomes 
 
                                                      1( )IZ z  = 
1 2
32 ( )
2
3
21 2( )
ia e
r r
θ θσ − +−                                          (A20) 
 
Now Stresses are calculated using the Westergaard* equations: 
 
                                                     1Re( ) Im( )x Z y Zσ = −                                                 (A21a) 
                                                      1Re( ) Im( )y Z y Zσ = +                                                (A21b) 
                                                       1Re( )xy y Zτ = −                                                           (A21c) 
   From the above equations, we calculate Stresses for the crack problem.                                                  
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2
1 2
1 23
1 2 21 2
( ) 3cos sin( ( ))
2 2( )
x
r y a
r r r r
θ θσ σσ θ +⎡ ⎤= − − +⎢ ⎥⎣ ⎦
θ θ σ−                  (A22a) 
                          
2
1 2
1 23
1 2 21 2
( ) 3cos sin( ( ))
2 2( )
y
r y a
r r r r
θ θσ σσ θ +⎡ ⎤= − + +⎢ ⎥⎣ ⎦
θ θ σ−                 (A22b) 
                           xyτ  = 
2
1 23
21 2
3cos( ( ))
2( )
y a
r r
σ θ θ+                                                               (A22c) 
 
 
Stresses at very large distances from crack: 
 
              and  1 2r r r≈ ≈ 1 2θ θ θ≈ ≈  
Substituting these approximations in the above equations for stresses we get, 
 
              yσ  = σ  - σ  = 0 
              xσ  = σ  - σ  =0 
              xyτ  = 0 
 
 
Stresses on the crack surface: 
 
              1θ = π ,  2θ  = 0 and  θ  = 0 
 
           xσ  =  -σ  
           yσ  = - σ  
           xyτ  = 0 
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Calculation of C.O.D at the Crack surface for Uniform Pressure from  -a<x<a. 
 
                                              C.O.D = ( ,0 ) ( ,0 )v x v x+ −−                                                    (A23) 
 
Now From equation (A18),  
 
                                         ( )IZ z =  2 2
z
z a
σ σ−
−
                                                                  
 
                                         
2 2
( ) zdzZ z
z a
dzσ σ= −
−
∫ ∫                                                           (A24) 
                                                  = σ [ 2z a2− - z]                                                              (A25) 
 
Using the same substitutions  as z = ire θ , (z-a ) = 11
ir e θ  and  
(z+a) = 22
ir e θ , equation above becomes 
 
                                          ( )Z z = 
1 2( )
2
1 2
ir e
r r
θ θθσ σ
+⎧ ⎫−⎨ ⎬
⎩ ⎭ −  
 
 
From the Westgaard equations, 
 
                   2 2(1 ) Im( ) Re(GV Z y Zυ= − − )                                                    (A26) 
                            = 1 2 1 21 2
1 2
2(1 ) sin( ) sin cos ( ) 1
2 2
rr r r y
r r
θ θ θ θυ σ σ θ σ θ
⎡ ⎤+ +⎧ ⎫ ⎡− − − − ⎤ −⎢ ⎥⎨ ⎬ ⎢ ⎥⎩ ⎭ ⎣ ⎦⎢ ⎥⎣ ⎦
 
For:- 
  ( ,0 )V x + 1θ π≈ ,  2 0θ ≈ , 0θ = ( x is positive) , θ  = π ( x is negative) 
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Therefore, after making the above substitutions, equation (A26) reduces to 
                   { }1 22 2(1 )GV r r yσ υ= − +                                                             (A27) 
 
For:- 
    ( ,0 )V x − 1θ π≈ , 2 2θ π≈ , θ π=  ( x is negative), θ  = 2π  ( x is positive) 
Making the substitutions again, equation (1.26) reduces to 
                2  = GV { }1 22(1 )y r rσ υ− −                                                                 (A28) 
Now, C.O.D from equation (1.23) for Uniform Pressure on Crack from –a<x<a is 
              C.O.D = 
{ }1 2(1 ) r r
G
σ υ−
                                                                        (A29) 
 
Derivation for Uniform Pressure on Crack Surface from Green’s Function 
for the Pressure applied between –b<x<b (b<a): 
 
 
 
 
 
 
 
 
                   Uniform Pressure applied on the crack surface from (-b<x<b) 
The Green’s function from the equation (A1) is 
                           
2 2
2 2
( )( )
( )
b
I
b
w d aZ z
z z a
ξ ξ ξ
π ξ−
−
=
− −
∫                                                                     (A30) 
Consider the integral 
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Let sinaξ θ= , cosd a dξ θ θ=  
                                I = 
1
1
sin ( )
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b
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dθ θ
θ
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Let x = 1sin ( )b
a
−  and y = 1sin ( )b
a
− − . So (A32) becomes 
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                                 = 
2
( sin
x
y
a d
z a
θ
)θ−∫  + sin
x
y
a dθ θ∫  - 
( sin )
( sin )
x
y
a z zz
z a
dθ θ
θ
− +
−∫  
                                 = 
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                                 = 2 2( )
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θ
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−
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From tables*:- 
         
( sin
d
z a
θ
)θ−∫  =  
1
2 2 2 2
tan( )2 2
z a
Tan
z a z a
θ
−
⎡ ⎤−⎢ ⎥
⎢ ⎥
− −⎢ ⎥
⎣ ⎦
                                                      (A34) 
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Using the limits of integration to the above equation, we get 
       
( sin
x
y
d
z a
θ
)θ−∫  =             
       
2 2
2
z a−
2 2 2 2
1 1
2 2 2 2
tan( ) tan( )a a b a a bz a z a
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z a z a
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    (A35) 
From Contour Integrals, we know that 
                                     1 1tan ( ) ln
2
i zz
i i z
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Using this substitution in equation (A35),  
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Consider the expression 
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The above expression (A35) can be simplified to 
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Now the original expression reduces to 
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Substituting the value of “P” in the above expression and simplifying it further, we get: 
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1
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                            = 
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2 2 2 2
2 b z aTan
z a z a b
−
⎡ ⎤−⎢
⎢ ⎥− −⎣ ⎦
⎥                                                            (A36) 
Similarly integrating the other two terms in the equation (A33) and applying the limits, we get 
the following equation: 
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                    ( )IZ z  = 
2 2
1
2 2 2 2
22 b z a z bTan
az a b z a
σ
π
− 1sin ( )−
⎡ ⎤⎡ ⎤−⎢ ⎥⎢ ⎥− +
⎢ ⎥⎢ ⎥− −⎣ ⎦⎣ ⎦
                             (A37) 
Equation (1.37) is the solution for the case of Uniform Pressure applied on the Crack Surface 
from (-b,b) where (b<a). 
 
 
Stress Calculations: 
We know from the principles of Elasticity and Westergaard Equations that Stresses are of the 
order  ( )IZ z  and y
1( )IZ z .  But we know that, 
                   1( )IZ z  = ( )I
d Z z
dz
 
                                = [ ]1 2
d I I
dz
σ
π
+  
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1
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⎢ ⎥−⎣ ⎦
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2 sin ( )z b
az a
−
−
 
                               =
2
1
32 2 2
2sin ( )
( )
b a
a z a
−
⎡ ⎤
−⎢
⎢
−⎢ ⎥⎣ ⎦
⎥
⎥
                                                                 (A39b) 
Therefore     
                 1( )IZ z  = 
2 2 2
1
2 2 2 22 2
2 sin ( )
( ) ( )
b a b b a
az b z az a
σ
π
−
⎡ ⎤⎡ ⎤− −⎢ ⎥+ ⎢ ⎥
⎢ ⎥− −⎢ ⎥− ⎣ ⎦⎣ ⎦
                          (A40) 
As  z → ∞
               Equation (A37) becomes 
                 ( )IZ z  = 
1 1
2 2
2 sin ( )b bTan
aa b
σ
π
− −
⎡ ⎤⎡ ⎤
⎢ ⎥+⎢ ⎥
⎢ ⎥⎢ ⎥−⎣ ⎦⎣ ⎦
 
              Similarly y 1( )IZ z  becomes 
                 y 1( )IZ z = y
2 2 2
1
2 2 2 22 2
2 sin ( )
( ) ( )
b a b b a
az b z az a
σ
π
−
⎡ ⎤⎡ ⎤− −⎢ ⎥+ ⎢ ⎥
⎢ ⎥− −⎢ ⎥− ⎣ ⎦⎣ ⎦
 
As , the above equation tends to zero. z → ∞
Therefore from Westergaard Equations (A21a,b and c), stresses tend to 
                              1
2 2
2 sin ( )bTan
aa b
σ
π
−
⎡ ⎤⎡ ⎤
⎢ +⎢ ⎥
⎢ ⎥⎢ ⎥−⎣ ⎦⎣ ⎦
1 b− ⎥                                                      (A41) 
 
 
Stress Intensity Factors: 
Consider the point force solution from Equation (3.10) 
                                        
2 2
2 2
( )
( )
I
P aZ z
z z a
ξ
π ξ
−
=
− −
 
From Westergaard’s Equations, we know that 
                                        1( ,0) Re( ( )) Im( ( )y I )Ix Z z y Z zσ = +  
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                                                       = Re( ( ))IZ z  
Let  11( )
iz a r e θ− = , 22( )
iz a r e θ+ =  and ( ) iz r e θξ− =  
Making the above substitutions, Equation (3.10) will become: 
                                       
1 2( )
2 2 2
1 2
( )
i
I
P a eZ z
r r r
θ θθ
ξ
π
+⎡ ⎤− +⎢ ⎥⎣ ⎦
⎧ ⎫
⎪ ⎪− ⎪ ⎪= ⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭
                                          (A42) 
                            Re( ( ))IZ z = 
1 2
2 2
1 2
cos ( )
2P a
r r r
θ θθ
ξ
π
⎧ + ⎫⎡ ⎤+⎪ ⎪⎢ ⎥− ⎪ ⎪⎣ ⎦
⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭
 
Now for  x a→ , , , 1 ( )r x a→ − 2 2r a→ ( )r a ξ→ −  and 1, 2, 0θ θ θ → . 
Therefore, 
                       Re( ( ))IZ z  = 
2 2 1
( ) ( )(2 )
P a
a x a a
ξ
π ξ
⎧ ⎫− ⎪ ⎪
⎨ ⎬
− −⎪ ⎪⎩ ⎭
                                   (A43) 
But, 
                             yσ  = 2 2 (
I IK K
r xπ π
=
)a−
                                                                (A44) 
Where  
                            1I
a
K P
a a
ξ
π ξ
+
=
−
 
         
 
                                  = 
2 2
( )
aP
aa
ξ
ξπ
−
−
 
Substituting the value of IK  into Equation(A44) and comparing it with Equation(A43), we 
get the  IK  as 
                             1I
a
K P
a a
ξ
π ξ
+
=
−
                                                                         (A45) 
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Therefore the value of Stress Intensity Factor for a point force solution is given by 
Equation (A45). 
 
IK  for Uniform Pressure applied on the crack surface from (-a<x<a) 
In this case, the point force P 0dσ ξ→ . Therefore IK is obtained by integrating  the 
Equation (A45) over the crack surface i.e. from (-a<x<a): 
 
                                          0
a
I
a
aK
aa
σ ξ dξ
ξπ −
+
=
−∫                                                              (A46) 
                                          
2 2
0
( )
a
I
a
aK d
aa
ξσ
ξ
ξπ −
−
=
−∫  
  Making the following substitutions in the above Equation, we have: 
                                                    sinaξ θ=   
                                                   cosd a dξ θ θ=  
                                               
2 2 2
0
2
cos
(1 sin )I
a dK
aa
π
π
σ θ θ
θπ
−
=
−∫  
Further simplification of the above Equation leads to the following: 
                                              IK = 
2
0
2
(1 sin )d
a
π
π
σ
θ θ
π
−
+∫  
        
 
                                                    = 0 aσ π                                                                         (A47) 
The above Equation gives the value of IK for the case of Uniform Pressure applied over the 
crack surface. 
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Displacements: 
Displacements are of the order of  ( )IZ z  and y ( )IZ z . To calculate displacements, ( )IZ z  as to 
be evaluated: 
                       ( )IZ z   ( )IZ z dz C= +∫  
                                    =  
2 2
1 1
2 2 2 2
22 sb z a z bTan dz
az a b z a
σ
π
− −
⎡ ⎤⎡ ⎤−⎢ ⎥⎢ ⎥− +
⎢ ⎥⎢ ⎥− −⎣ ⎦⎣ ⎦
∫ in ( )  
  Consider, 
                          1I  = 
2 2
1
2 2
b z aTan dz
z a b
−
⎡ ⎤−⎢ ⎥−
⎢ ⎥−⎣ ⎦
∫  
Integrating this by parts, we get 
                       1I−  = 
2 2
1 2 2
2 2 2 2 2 2( )
b z a zdzzTan b a b C
z a b z b z a
−
⎡ ⎤−⎢ ⎥ − − +
⎢ ⎥− −⎣ ⎦
∫
−
             (A48) 
Again consider the integral: 
                        I =  
2 2 2 2( )
zdz
z b z a− −
∫   
 Let = t ⇒  = 2z b− 2 zdz 2
dt  
                        ⇒
2 2
1
2
( )
dt
t t b a+ −
∫  
From the tables*:- 
                                12 tandx z
t z
β
β β
− ⎡ ⎤= ⎢ ⎥
− Δ − Δ⎢ ⎥⎣ ⎦
∫        ( βΔ <0) 
 
 
Where t xα β= + ,  and z a bx= + a bβ αΔ = − : 
In this case: α = 0, β  = 1, b = 1, a = 2b a2−  and βΔ  = 2 2b a−  
Substituting these values in the above integral, we get 
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2 2
1
2
( )
dt
t t b a+ −
∫  = 
2 2
1
2 2 2 2
1 t b aTan
a b a b
−
⎡ ⎤+ −⎢ ⎥
⎢ ⎥− −⎣ ⎦
 
                                                           = 
2 2
1
2 2 2 2
1 z aTan
a b a b
−
⎡ ⎤−⎢ ⎥
⎢ ⎥− −⎣ ⎦
 
Therefore from Equation (A42), we get 
                               1I−  = 
2 2 2 2
1 1
2 2 2 2
b z a z azTan bTan C
z a b a b
− −
⎡ ⎤ ⎡− −⎢ ⎥ ⎢
⎤
⎥− +
⎢ ⎥ ⎢− −⎣ ⎦ ⎣ ⎥⎦
     (A49) 
Now consider the integral 
                                12 2 2
sin ( )z bI dz
az a
−=
−
∫  
Integrating the above integral, we get 
                               2I  =  
2 2 1sin ( )bz a
a
−−                                                       (A50) 
Adding equations (1.43) and (1.44) and applying the boundary conditions, we get 
        ( )IZ z  = 
2 2 2 2
1 1 2 2
2 2 2 2
2 sin ( )b z a z a bzTan bTan z a
az a b a b
σ
π
− −
⎡ ⎤⎡ ⎤ ⎡ ⎤− −⎢ ⎥⎢ ⎥ ⎢ ⎥− + + −
⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦⎣ ⎦
1−     (A51) 
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Derivation for Hertzian Pressure on Crack Surface from Green’s Function 
applied between (-a<x<a):- 
  The Green’s Function is given by the following Equation: 
                                            
2 2
2 2
( )( )
( )
a
I
a
w d aZ z
z z a
ξ ξ
π ξ−
−
=
− −
∫
ξ                                                     (B1) 
 
 
 
                                                     Hertzian Model 
 
 
 
For Hertzian Pressure, the expression ( )w ξ  becomes 
                                                ( )w ξ  = 2 2a ξ σ−  
Substituting the above Equation in (B1), the integral transforms into, 
                                                 ( )w ξ  = 
2 2
2 2
( ) ( )
( )
a
a
w d a
zz a
σ ξ ξ ξ
ξπ −
−
−−
∫                              (B2) 
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Now, consider the integral 
                                                     I = 
2 2( )
( )
a
a
a d
z
ξ ξ
ξ
−
−
−∫  
                                                       = 
2
( )
a
a
a d
z
ξ
ξ
−
−∫  - 
2
( )
a
a
d
z
ξ ξ
ξ
−
−∫  
                                                        = 2 ln z aa
a z
−⎡ ⎤
⎢ ⎥+⎣ ⎦
 
a a
a a
dd z
z
ξ ξξ ξ
ξ
− −
− −
−∫ ∫  
                                                        = 2 ln z aa
a z
−⎡ ⎤
⎢ ⎥+⎣ ⎦
2 2 21
2
a a
a a
da a z d z
z
ξξ
ξ
− −
⎡ ⎤− − − −⎣ ⎦ −∫ ∫  
                                                         = 2 ln z aa
a z
−⎡ ⎤
⎢ ⎥+⎣ ⎦
22 ln z aaz z
a z
−⎡ ⎤− − ⎢ ⎥+⎣ ⎦
 
                                                         = 2 2( ) ln 2z aa z a
a z
−⎡ ⎤− ⎢ ⎥+⎣ ⎦
z−                                           (B3) 
Substituting the value of Equation (B3) into (B2), we get 
                  ( )IZ z  = 
2 2
2 2
( )
( )
a
a
a d
zz a
σ ξ ξ
ξπ −
−
−−
∫  
                           =  2 2
2 2
( ) ln 2z az a az
a zz a
σ
π
⎧ −⎡ ⎤− +⎨ ⎬⎢ ⎥+⎣ ⎦⎩ ⎭−
⎫  
                           = 2 2
2 2
2ln z a azz a
a z z a
σ
π
⎧ ⎫−⎪ ⎡ ⎤− +⎨ ⎢ ⎥+⎣ ⎦⎪ ⎪−⎩ ⎭
⎪
⎬                                                      (B4) 
 
 
Equation (3.4) is the Green’s solution for the Hertzian Pressure applied on the crack surface 
from (-a<x<a).  
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Hertzian Model Pressure applied on the crack surface from (-b<x<b) where 
(b<a)                  
The Green’s function is given by: 
                                               
2 2
2 2
( )( )
( )
a
I
a
w d aZ z
z z a
ξ ξ ξ
π ξ−
−
=
− −
∫  
 
 
 
                                    Hertzian Model from (-b<x<b) where (b<a) 
 
 
 
In the above equation substituting  2 2( )w bξ ξ= − , we get 
                                            
2 2 2 2
2 2
( )
( )
b
I
b
b d aZ z
z z a
σ ξ ξ ξ
π ξ−
− −
=
− −
∫                                            (B5) 
The above equation can be solved using numerical integrations which are appended.* 
Now consider 
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2 2 2 2
1
2 2
( )
( )
b
I
b
b d adZ z
dz z z a
σ ξ ξ ξ
π ξ−
⎧ ⎫− −⎪= ⎨
⎪ ⎪− −⎩ ⎭
∫
⎪
⎬                                                                   (B6) 
                      = 
2 2 2 2
2 2
1
( )
b
b
b d a d
dz z z a
σ ξ ξ ξ
π ξ−
⎧ ⎫− − ⎪ ⎪
⎨ ⎬
⎪ ⎪− −⎩ ⎭
∫  
                      = 
2 2 2 2
3 2 2 22 2 2
1
( )( )( )
b
b
b d a z
z z az z a
σ ξ ξ ξ
π ξξ−
⎧ ⎫
− − −⎪ ⎪−⎨ ⎬
⎪ ⎪− −− −⎩ ⎭
∫  
                      = 
2 2 2 2
32 2 2 ( )( )
b
b
b d az
zz a
ξ ξ ξσ
ξπ −
− −−
−
−
∫  
2 2 2 2
22 2 ( )
b
b
b d a
zz a
ξ ξ ξσ
ξπ −
− −
−
−−
∫  
Using Numerical Integration, we can evaluate the above expression.* 
 
Now consider, 
                                                 ( ) ( )I IZ z Z z dz= C+∫                                                            (B7) 
                                                            = 
2 2 2 2
2 2( )
b
b
b d a dz
z z a
σ ξ ξ ξ
π ξ−
− −
− −
∫ ∫  +C 
                                                            = 
2 2 2 2
2 2( )
b
b
b d a dz
z z a
σ ξ ξ ξ
π ξ−
− −
− −
∫ ∫       (B7a) 
 
 
To evaluate the above integral, consider the following expression, 
                                                 
2
1sin
( )
d a b
dz a z b
− z⎡ ⎤−⎢ ⎥
−⎢ ⎥⎣ ⎦
                                                               (B8) 
                                  
2
1sin
( )
d a b
dz a z b
− ⎡ ⎤−⎢ ⎥
−⎢ ⎥⎣ ⎦
z  = 
2
2 22 2
2 2
1 ( )( ) (
( )( )1
( )
a z b b a bz a
a z ba bz
a z b
)⎡ ⎤− − − −
⎢ ⎥
−⎢ ⎥− ⎣ ⎦−
−
 
Simplifying the above equation, we will get the following expression: 
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2
1sin
( )
d a b
dz a z b
− ⎡ ⎤−⎢ ⎥
−⎢ ⎥⎣ ⎦
z  = 
2 2
2 2 ( )
a b
z a z b
− −
− −
                                              (B8a) 
Re-arranging the terms in Equation (3.7a) and replacing “b” by “ξ ” in Equation (B8a), we 
arrive at the following equation: 
                                            ( )IZ z  = 
2 2 2
1sin
( )
b
b
b d a z C
a z
σ ξ ξ ξ
π ξ
−
−
⎡ ⎤⎡ ⎤− −
− +⎢ ⎥⎢ ⎥
−⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦
∫                   (B9) 
To find the constant of integration, consider 
                                            
2 2
2 2
( )
( )
I
P aZ z
z z a
ξ
π ξ
−
=
− −
 (For Point force on Crack)           (B10)     
                                            ( ) ( )I IZ z Z z dz= +∫ C  
                                                      = 
2 2
2 2( )
P a dz
z z a
ξ
π ξ
−
− −
∫  +C 
Using the Equation (3.8a) again by replacing “ξ ” by “b” in the above Equation, we get 
                                        ( )IZ z  = 
2
1sin
( )
P aD
a z
ξ
π ξ
−⎧ ⎫z⎡ ⎤−⎪ ⎪− ⎢ ⎥⎨ ⎬−⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
 
Now for , z → ∞ 1sin ( )D
a
ξ−→ − . 
 
 
 
Therefore, Equation (B9) transforms to: 
                                         ( )IZ z  = 
2 2 2
1 1sin sin ( )
( )
b
b
b d a z
a z a
σ ξ ξ ξ ξ
π ξ
−
−
−⎡ ⎤⎡ ⎤− −− −⎢ ⎥⎢ ⎥
−⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦
∫         (B11) 
The Numerical Integration is employed to compare the results.* 
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Stress Intensity Factors: 
Consider the point force solution from Equation (B10) 
                                        
2 2
2 2
( )
( )
I
P aZ z
z z a
ξ
π ξ
−
=
− −
 
From Westergaard’s Equations, we know that 
                                        1( ,0) Re( ( )) Im( ( )y I )Ix Z z y Z zσ = +  
                                                       = Re( ( ))IZ z  
Let  11( )
iz a r e θ− = , 22( )
iz a r e θ+ =  and ( ) iz r e θξ− =  
Making the above substitutions, Equation (B10) will become: 
                                       
1 2( )
2 2 2
1 2
( )
i
I
P a eZ z
r r r
θ θθ
ξ
π
+⎡ ⎤− +⎢ ⎥⎣ ⎦
⎧ ⎫
⎪ ⎪− ⎪ ⎪= ⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭
                                          (B12) 
                            Re( ( ))IZ z = 
1 2
2 2
1 2
cos ( )
2P a
r r r
θ θθ
ξ
π
⎧ + ⎫⎡ ⎤+⎪ ⎪⎢ ⎥− ⎪ ⎪⎣ ⎦
⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭
 
Now for  x a→ , , , 1 ( )r x a→ − 2 2r a→ ( )r a ξ→ −  and 1, 2, 0θ θ θ → . 
Therefore, 
                       Re( ( ))IZ z  = 
2 2 1
( ) ( )(2 )
P a
a x a a
ξ
π ξ
⎧ ⎫− ⎪ ⎪
⎨ ⎬
− −⎪ ⎪⎩ ⎭
                                   (B13) 
 
 
But, 
                             yσ  = 2 2 (
I IK K
r xπ π
=
)a−
                                                                (B14) 
Where  
                            1I
a
K P
a a
ξ
π ξ
+
=
−
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                                   = 
2 2
( )
aP
aa
ξ
ξπ
−
−
 
Substituting the value of IK  into Equation(B14) and comparing it with Equation(B13), we 
get the  IK  as 
                             1I
a
K P
a a
ξ
π ξ
+
=
−
                                                                         (B15) 
Therefore the value of Stress Intensity Factor for a point force solution is given by 
Equation (B15). 
 
IK  for Uniform Pressure applied on the crack surface from (-a<x<a) 
In this case, the point force P 0dσ ξ→ . Therefore IK is obtained by integrating  the 
Equation (B15) over the crack surface i.e. from (-a<x<a): 
 
                                          0
a
I
a
aK
aa
σ ξ dξ
ξπ −
+
=
−∫                                                              (B16) 
                                          
2 2
0
( )
a
I
a
aK d
aa
ξσ
ξ
ξπ −
−
=
−∫  
  Making the following substitutions in the above Equation, we have: 
                                                    sinaξ θ=   
                                                   cosd a dξ θ θ=  
          
 
                                             
2 2 2
0
2
cos
(1 sin )I
a dK
aa
π
π
σ θ θ
θπ
−
=
−∫  
Further simplification of the above Equation leads to the following: 
                                              IK = 
2
0
2
(1 sin )d
a
π
π
σ
θ θ
π
−
+∫  
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                                                    = 0 aσ π                                                                         (B17) 
The above Equation gives the value of IK for the case of Uniform Pressure applied over the 
crack surface. 
 
 
IK for the case of the Uniform Pressure on the crack surface from (-b<x<b) 
IK for this case can be evaluated in the similar lines by integrating Equation (B16) with limits 
(-b<x<b) as shown below: 
 
                                            0
b
I
b
aK
aa
σ ξ dξ
ξπ −
+
=
−∫                                                           (B18) 
                                                  = 
2 2
0
( )
b
b
a d
aa
ξσ
ξ
ξπ −
−
−∫  
Using the same substitutions, as above we get: 
                                               sinaξ θ=   
                                            cosd a dξ θ θ=  
                                    IK  =
2
1
0 (1 sin )d
a
θ
θ
σ
θ θ
π
+∫  
 
 
 
Where 11 sin ( )
b
a
θ −= −  and 2θ  = 
1sin ( )b
a
− . Integrating the above equation and substituting 
the limits, we get 
                                   IK =   
102 sin ( )a b
a
σ π
π
−                                                            
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IK for the case of Hertzian Model Pressure applied on the Crack Surface 
from (-b<x<b) 
The Equation for IK obtained from Equation (B16) is given by the following: 
                                  
2 2
0 ( )( )
b
I
b
a bK
ab a
σ ξ ξ dξ
ξπ −
+ −
=
−∫                                            (B19) 
                                        =  
2 2 2 2
0
( )
b
b
a b d
ab a
ξ ξσ
ξ
ξπ −
− −
−∫  
The above Equation is an even function in “b”. Therefore the above Equation is equiavalent 
to: 
 For ξ <0, ξ  = -ξ  and dξ  =  -dξ                                   
                                   
2 2 2 2 2 2 2 2
0
0 0
( ) ( )
b b
I
a b a bK d
a ab a
ξ ξ ξ ξσ dξ ξ
ξ ξπ
⎧ ⎫− − − −⎪ ⎪= +⎨ ⎬− +⎪ ⎪⎩ ⎭
∫ ∫  
                                          = 
2 2
0
2 2
0
2 b ba d
b a a
ξσ
ξ
π ξ
−
−
∫  
                                          = 
2 2
0
2 2
0
2 b aab d
b a b
ξσ
ξ ξ
π ξ
⎧ ⎫−− ⎪ ⎪− +⎨ ⎬
⎪ ⎪−⎩ ⎭
∫  
Making the substitution, sinbξ θ= , cosd b dξ θ θ= , we get 
                                  
2
2 2 20
0
2 sin sinIK ab a b bb a
π
σ dθ θ θ
π
⎧ ⎫
− ⎪ ⎪= − + −⎨ ⎬
⎪ ⎪
⎩ ⎭
∫  
             
 
                                        = 
2
2 20
0
2 1 1 sin sina k
π
σ dθ θ θ
π
⎧ ⎫
− ⎪ ⎪− + −⎨ ⎬
⎪ ⎪
⎩ ⎭
∫                           (B20) 
Where  k = b
a
<1. 
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From tables*: 
  
2
2 2 2 2 2 2cos 1sin 1 sin 1 sin log cos 1 sin
2 2
kk d k k k
k
θθ θ θ θ θ θ− ⎡ ⎤− = − − − + −⎢ ⎥⎣ ⎦∫  
Applying the limits to the above Equation, we get 
                      
2 2 2
2 2
0
1 1 11 sin sin ( ) log
2 2 1
k kk d
k k
π
θ θ θ
⎡ ⎤− − −⎢ ⎥− = − −
+⎢ ⎥⎣ ⎦
∫  
Further simplifying the above equation, we get 
                      
2
2 2
0
1 sin sink d
π
θ θ θ−∫ = 
21 1 1log
2 2 1
k k
k k
⎡ ⎤− −
− ⎢ ⎥+⎣ ⎦
 
                                                               = 
2 21 log
2 2
a b a b
ab a b
⎡ ⎤− −
− ⎢ ⎥+⎣ ⎦
 
Substituting the above value in Equation (B20), we get the value of IK . 
                    
2 2
0 1 log
2I
a a b a bK
ab a b
σ
π
⎧ ⎫⎡ ⎤− −⎪= +⎨
⎪
⎬⎢ ⎥+⎪ ⎪⎣ ⎦⎩ ⎭
                                                     (B21) 
The above Equation is for the Hertzian Model Pressure on the crack surface from (-b<x<b) 
Now, let us substitute a = b, in the Equation (B21). This gives us the IK  value for the case 
of Hertzian Model Pressure on the crack surface from (-a<x<a). 
 
                    IK   = 0
aσ
π
                                                                                              (B22) 
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